Abstract. In this paper, we introduce the notions of topological pressure and measure-theoretic entropy for a free semigroup action. Suppose that a free semigroup acts on a compact metric space by continuous self-maps. To this action, we assign a skew-product transformation whose fiber topological pressure is taken to be the topological pressure of the initial action. Some properties of these two notions are given, and then we give two main results. One is the relationship between the topological pressure of the skew-product transformation and the topological pressure of the free semigroup action, the other is the partial variational principle about the topological pressure. Moreover, we apply this partial variational principle to study the measure-theoretic entropy and the topological entropy of finite affine transformations on a metrizable group.
Introduction
In 1959, Kolmogorov and Sinai developed the metric entropy from Shannon's information theory into ergodic theory. Since then, the notion of entropy has played a vital role in the study of dynamic systems. In 1967, Kirillov [21] introduced the notion of entropy for the action of finitely generated groups of measure-preserving transformations. The case of Abelian group actions was studied by Conze [14] and also by Katznelson and Weiss [20] . The notion of topological entropy, which was introduced by Adler, Konheim and McAndrew [1] as an invariant of topological conjugacy, describes the complexity of a system. Later, Bowen [7] and Dinaburg [15] provided an equivalent definition when the space is metrizable. Since the entropy appeared to be a very useful invariant in ergodic theory and dynamical systems, there were several attempts to find its suitable generalizations for other systems such as groups, pseudogroups, graphs, foliations, nonautonomous dynamical systems and so on( [3, 4, 5, 6, 8, 16, 17, 22, 23, 24, 31] ). Biś [3] and Bufetov [8] introduced the notion of the topological entropy of free semigroup actions. Related studies include [6, 11, 23, 24, 27, 29, 31, 32] .
As a natural extension of topological entropy, topological pressure is a rich source of dynamic systems. Ruelle [28] first introduced the concept of topological pressure of additive potentials for expansive dynamic systems. Walters [33] then extended this concept to a compact space with the continuous transformation. Since topological pressure appeared to be useful in ergodic theory and dynamic systems, there were several attempts to find its suitable generalizations for other systems(see, for example, [2, 4, 12, 13, 19, 23, 24, 26, 30, 35] ).
In general, it's difficult to study the properties of dynamical systems for arbitrary group actions, so one needs to find some special groups which meet certain conditions, e.g., amenable group, sofic group, etc. In this paper, we assume that a semigroup is free because the topological pressure(entropy) for a free semigroup action can associate with the topological pressure(entropy) for the skew-product dynamical system, and thus we can study the skew-product dynamical system based on the properties of the dynamical system for a free semigroup action.
In this paper, we introduce the notions of the topological pressure and the measure-theoretic entropy for a free semigroup action and give some properties of these two notions.
Let X be a compact metric space, f 0 , · · · , f m−1 continuous self-maps acting on X and F : Σ m × X → Σ m × X a skew-product transformation, where Σ m denotes the two-side symbol space. Let ϕ ∈ C(X, R) and g = c + ϕ, where c is a constant. P (F, g) denotes the topological pressure of F with respect to g for the dynamical system (Σ m × X, F ), P (f 0 , · · · , f m−1 , ϕ) the topological pressure of f 0 , · · · , f m−1 with respect to ϕ and h(f 0 , · · · , f m−1 ) the topological entropy of f 0 , · · · , f m−1 , and h µ (f 0 , . . . , f m−1 ) the measure-theoretic entropy of f 0 , · · · , f m−1 with respect to the measure µ for the free semigroup action. M (X, f 0 , . . . , f m−1 ) denotes the set of invariant measures of f 0 , · · · , f m−1 .
The main results of this paper are the following two theorems. which has been proved by Bufetov [8] . In particular, when ϕ = 0, we have sup {h µ (f 0 , . . . , f m−1 )|µ ∈ M (X, f 0 , . . . , f m−1 )} ≤ h(f 0 , . . . , f m−1 ).
This paper is organized as follows. In section 2, we give some preliminaries. In section 3, we introduce the notion of the topological pressure for a free semigroup action on a compact metric space and give some fundamental properties. In section 4, we give the definition and some properties of the measure-theoretic entropy for a free semigroup action on a probability space. In section 5, we prove our main results. In section 6, we apply Theorem 1.2 to study the measure-theoretic entropy and the topological entropy for finite affine transformations. A metric on Σ m is introduced by
Obviously, Σ m is compact with respect to this metric. Recall that the Bernoulli shift σ m : Σ m → Σ m is a homeomorphism of Σ m given by the formula:
2.2. Topological entropy for a free semigroup action. In this section, we recall the topological entropy for a free semigroup action on a compact metric space. Our presentation follows Bufetov [8] .
Let X be a compact metric space with metric d. Suppose that a free semigroup with m generators acts on X; denote the maps corresponding to the generators by f 0 , f 1 , . . . , f m−1 ; we assume that these maps are continuous.
Let w ∈ F + m , w = w 1 w 2 . . . w k , where
for all x 1 , x 2 ∈ X. Let ε > 0, a subset E of X is said to be a (w, ε, f 0 , . . . , f m−1 )-spanning subset if, for ∀x ∈ X, ∃y ∈ E with d w (x, y) < ε. The minimal cardinality of a (w, ε, f 0 , . . . , f m−1 )-spanning subset of X is denoted by B(w, ε, f 0 , . . . , f m−1 ).
Let ε > 0, a subset F of X is said to be (w, ε, f 0 , . . . , f m−1 )-separated subset if, for any
The topological entropy of a free semigroup action is defined by the formula
It follows that
We introduce the definition of topological entropy in the sense of Biś [3] and give the relationship between it and the topological entropy in the sense of Bufetov. Let
We say that two point x, y ∈ X are (n, ε)-separated by G if there exists g ∈ G n such that d(g(x), g(y)) ≥ ε. A set A of X is called a (n, ε)-separated set in the sense of Biś if any two distinct points of A have this property. Let s(n, ε, X) = max{card(E) : E is a (n, ε) − seperated subset of X}.
In [3] , Biś defined the topological entropy as
Observe that if m = 1, this definition coincides with Bowen's definition for the dynamical system (X, f ) [7, 34] .
Topological pressure for a free semigroup action
In this section, the topological pressure for a free semigroup action is introduced. Some properties are also given.
Let X be a compact metric space with metric d. Suppose that a free semigroup with m generators act on X; denote the maps corresponding to the generators by f 0 , · · · , f m−1 ; we assume that these maps are continuous. Let C(X, R) be the space of all the real-valued continuous functions of X. For w ∈ F + m , w ′ ≤ w and ϕ ∈ C(X, R), we denote w ′ ≤w ϕ(f w ′ x) by (S w ϕ)(x).
3.1. Definition using spanning sets.
Remark 3.1. According to the foregoing description, the following statements are true.
(1) 0 < Q w (f 0 , . . . , f m−1 , ϕ, ε) ≤ e Swϕ B(w, ε, f 0 , . . . , f m−1 ) < ∞, where ϕ = max x∈X |ϕ|. Hence,
(4)In Definition 3.1 it suffices to take the infinium over those spanning sets which don't have proper subsets that (w, ε) span X. This is because e (Swϕ)(x) > 0.
Remark 3.2.
(
. . , f m−1 , ϕ, ε 2 ) (according to Remark 3.1(2)), i.e., Q(f 0 , . . . , f m−1 , ϕ, ε) is monotonous with respect to ε. Definition 3.2. For ϕ ∈ C(X, R), the topological pressure for a free semigroup action with respect to ϕ is defined as
If we let
When m = 1, let f 0 = f , this definition is just the topological pressure P (f, ϕ) for dynamical system (X, f ) [34] . When ϕ = 0, P (f 0 , . . . , f m−1 , ϕ) is just the topological entropy for a free semigroup action defined in Section 2.2 and is denoted by h(f 0 , . . . , f m−1 ) [8] . Furthermore, if m = 1 and ϕ = 0, then it is trivial that P (f 0 , . . . , f m−1 , ϕ) is the topological entropy of f (usually denoted by h(f )) for dynamical system (X, f ) [7, 34] . 3.2. Definition using separated sets.
Remark 3.4.
(1) If ε 1 < ε 2 , then P w (f 0 , . . . , f m−1 , ϕ, ε 1 ) ≥ P w (f 0 , . . . , f m−1 , ϕ, ε 2 ). Hence,
(3)In Definition 3.3 it suffices to take the supremum over all (w, ε)-separated sets which fail to be (w, ε)-separated when any point of X is added. This is because e (Swϕ)(x) > 0.
. This follows from Remark (3) and the fact that a (w, ε, f 0 , . . . , f m−1 )-separated set which can not be enlarged to a (w, ε, f 0 , . . . , f m−1 )-separated set must be a (w, ε, f 0 , . . . , f m−1 )-spanning set of X. Hence
.
Then, set
Remark 3.5. As above, the following statements are true.
(according to Remark 3.4(1)).
Proof. The limit exists by Remark 3.5(3). By Remark 3.5(1) we know that
By Remark 3.5(2), for any δ > 0, we have
We introduce the definition of topological pressure in the sense of Ma and Liu [23] and give the relationship between it and the topological pressure we give. Let
E is a (n, ε) − separated subset in the sense of Biś}.
In [23] , the topological pressure
. (2) Recently, in the course of revising our paper, we find that Rodrigues and Varandas [27] also introduce the definition of topological pressure using separated sets.
3.3.
Definition using open covers. Let (X, d) be a compact metric space and α be an open cover of X. Let w ∈ F + m , w = w 1 w 2 . . . w k , where
Let α, β be two open covers of X, we use α ∨ β denote the open cover by all sets of the form A ∩ B where A ∈ α, B ∈ β. We use α < β denote β is a refinement of α, i.e., every member of β is a subset of a member of α. If ϕ ∈ C(X, R), then set
|β is a f inite subcover of
Theorem 3.2. Let f i : X → X be continuous, i = 0, . . . , m − 1, and ϕ ∈ C(X, R).
Since eachB(f w ′ x; δ 2 ) is a subset of a member of α we have
2 ) and
Next we show the existence of lim n→∞ 1 n log p n (f 0 , . . . , f m−1 , ϕ, α). Before proving it we first give the following lemma.
Lemma 3.3. [34]
Let {a n } n≥1 be a sequence of real numbers such that a n+p ≤ a n + a p ∀n, p then lim n→∞ a n /n exists and equals inf n a n /n.(The limit could be −∞ but if the a n are bounded below then the limit will be non-negative.)
exists and equals to inf n (1/n) log p n (f 0 , . . . , f m−1 , ϕ, α).
If β is a finite subcover of
w ′ (α), and we have
The following theorem gives equivalent definitions of the topological pressure using open covers. The proof of Theorem 3.5 is analogous to the classical case but for convenience of a reader a modified proof is given.
Theorem 3.5. Let f i : X → X be continuous, i = 0, . . . , m − 1, and ϕ ∈ C(X, R). Then each of the following equals P (f 0 , . . . , f m−1 , ϕ).
Now, taking lim sup when δ → 0 gives that P (f 0 , . . . , f m−1 , ϕ) is no lager than the expression in (i).
If α is an open cover with Lebesgue number
This implies
and
Therefore (i) is proved. The same reasoning proves (ii).
This implies
The formulae in (iii), (iv), and (v) follow from (i) and (ii).
(vi) Let α be an open cover of X and let 2ε be a Lebesgue number for α.
Therefore the expression in (vi) is majorised by P (f 0 , · · · , f m−1 , ϕ). The opposite inequality follows from (iv).
(vii) and (viii) Let α ε be an open cover of X by all open balls of radius 2ε and γ ε denote any cover by balls of radius ε/2. Then, by Theorem 3.2(i) and Remark 3.7(2) we have
where τ 4ε = sup{|ϕ(x) − ϕ(y)| : d(x, y) ≤ 4ε}. Then (vii) and (viii) follow by taking lim infs in this expression and using (ii).
Remark 3.8. According to (vi) of Theorem 3.5, P (f 0 , . . . , f m−1 , ϕ) does not depend on the metric on X.
3.4.
Properties of the topological Pressure. We now study the properties of
The proof of Theorem 3.6 is analogous to the classical case but for convenience of a reader a modified proof is given.
Theorem 3.6. Let f i : X → X be continuous transformations of a compact metric space (X, d), i = 0, . . . , m − 1. If ϕ, ψ ∈ C(X, R), ε > 0 and c ∈ R, then the following are true.
Proof. (iv) By the inequality sup E ab ≤ sup E a sup E b, a, b ≥ 0, for w ∈ F + m , we obtain
By the same way, we can show that
Therefore,
By Hölder inequality again
Then we obtain
(vi) is clear from the definition of topological pressure.
(vii) For w ∈ F + m , note that P w (f 0 , . . . , f m−1 , ϕ + ψ, ε) ≤ P w (f 0 , . . . , f m−1 , ϕ, ε)P w (f 0 , . . . , f m−1 , ψ, ε).
ON THE MEASURE-THEORETIC ENTROPY AND TOPOLOGICAL PRESSURE OF FREE SEMIGROUP ACTIONS(TO APPEAR
(viii) If a 1 , . . . , a k are positive numbers with 
which implies the desired result.
Remark 3.9. If m = 1, then the above results coincide with the results for the topological pressure of a single transformation [34] . If the free semigroup generated by f 0 , f 1 , . . . , f m−1 satisfies the so-called strongly δ * -expansive and ϕ and ψ satisfy the bounded distortion property, Rodrigues and Varandas [27] proved the (iv) and (vi) in Theorem 3.6.
In order to prove the partial variational principle, we give the following property of the topological pressure.
Theorem 3.7. Let (X i , d i ) be a compact metric space and let G i be the set of finite continuous transformations from X i into itself(i = 1, 2), where G 1 = {f 0 , . . . , f m−1 } and G 2 = {g 0 , . . . , g k−1 }. We use G 1 × G 2 denoting the semigroup acting on the compact space X 1 × X 2 generated by
In particular, for any n ∈ N, if X 1 = X 2 = · · · = X n := X, then
Proof. For any w (1) = w
which implies that
Theorem 3.5(viii) gives
measure-theoretic entropy for a free semigroup action
In this section, we introduce the measure-theoretic entropy of a free semigroup action and give some properties. The free semigroup is generated by finite measurepreserving transformations acting on a probability space.
First we give some notions. A partition of a probability space (X, B, µ) is a disjoint collection of elements of B whose union is X. Let ξ = {A 1 , · · · , A k } be a finite partition of (X, B, µ). Let η = {C 1 , · · · , C l } be another finite partition of (X, B, µ). The join of ξ and η is the partition
We write ξ ≤ η to mean that each element of ξ is a union of elements of η. Under the convention that 0 log 0 = 0, the entropy of the partition ξ is
The conditional entropy of ξ relative to η is given by
We denote the set of all finite partitions of X by L, then ρ(ξ, η) := H µ (ξ|η)+H µ (η|ξ) is a metric on L.
In order to give the definition of measure-theoretic entropy, we first prove the following lemma. 
By Lemma 3.3 it suffices to show
Definition 4.1. Let f 0 , . . . , f m−1 are measure-preserving transformations of a probability space (X, B, µ).
The measure-theoretic entropy for a free semigroup action is defined by
If we let G := {f 0 , · · · , f m−1 }, then we also denote h µ (f 0 , . . . , f m−1 ) by h µ (G).
is the classical measure-theoretic entropy of a single transformation(see, e.g. [34] ).
In general, the basic properties of the measure-theoretic entropy of finite measurepreserving transformations are summarized below, which are similar to that of the classical measure-theoretic entropy(see e.g. [34] , chap.4).
Theorem 4.2. Let (X, B, µ) be a probability space and f 0 , . . . , f m−1 measurepreserving transformations on X preserving µ.
(v) By (iv)
The following two technical lemmas, which will be useful in what follows, can be found in [34] . Lemma 4.3. Let r ≥ 1 be an integer. Then for all ε > 0 there exists δ > 0 such that if ξ = {A 1 , . . . , A r } and η = {B 1 , . . . , B r } are two finite partitions satisfying the inequality r i=1 µ(A i △B i ) < δ, it holds that ρ(ξ, η) < ε. Lemma 4.4. Let B 0 be an algebra such that the σ-algebra generated by B 0 , which is denoted σ(B 0 ), is B. Let ξ be a finite partition of X containing elements from B. Then, for all ε > 0 there exists a finite partition η containing elements from B 0 and holding ρ(ξ, η) < ε. Theorem 4.5. Let (X, B, µ) be a probability space and B 0 an algebra such that the σ-algebra generated by B 0 (denoted by σ(B 0 )) satisfies σ(B 0 ) = B. Let L 0 be the set of finite partitions of X containing elements from B 0 . Then
Proof. By Lemma 4.4, given any ε > 0 and η ∈ L there exists a finite partition ξ ε ∈ L 0 such that H µ (η|ξ ε ) < ε. Then by Theorem 4.2(iv) we have
Since ε was arbitrary it follows that
The reverse inequality is obvious, and so the proof ends.
In order to prove the partial variational principle, we give the following property of the measure-theoretic entropy. Theorem 4.6. Let (X 1 , B 1 , µ 1 ) and (X 2 , B 2 , µ 2 ) be two probability spaces and let f i : X 1 → X 1 , g j : X 2 → X 2 be measure-preserving, where
Proof. (i) Consider two measurable partitions, ξ 1 of X 1 and ξ 2 of X 2 . Then ξ 1 × ξ 2 is a measurable partition of X 1 × X 2 . Hence, for w (1) = w
. Hence (4.1)
Since the left side of the above formula has (mk) n terms for all |w| = n, where the two terms of the right hand side of the above formula have k n and m n respectively duplicates for every |w
(1) | = |w (2) | = n, respectively, then we have
Since the algebra B 1 × B 2 generates the product σ-algebra B, by Theorem 4.5, it follows that
and the part (i) follows.
(ii) Consider ξ a finite partition of X and From the formula (4.1) we have
Taking the supremum over all the finite partitions
and using the part (i) the proof ends.
The proofs of the main results
In this section, we give the proofs of Theorem 1.1 and Theorem 1.2. First, we link free semigroup actions and skew-product transformations by the similar way from Bufetov [8] .
Let (X, d) be a compact metric space. Suppose that a free semigroup with m generators acts on X; denote the maps corresponding to the generators by f 0 , · · · , f m−1 ; we assume that these maps are continuous.
To this action, we assign the following skew-product transformation. Its base is Σ m , its fiber is X, and the maps F : Σ m × X → Σ m × X and g : Σ m × X → R are defined by the formula
Here f ω0 stands for f 0 if ω 0 = 0, and for f 1 if ω 0 = 1, and so on; c is a constant number and ϕ ∈ C(X, R).
Before proving Theorem 1.1, we give the following two lemmas.
Lemma 5.1. For any natural n and 0 < ε < 1 2 
= e nc wi∈{w1,··· ,wN } x∈{x i j : j=1,··· ,Ni}
Lemma 5.2. For any natural n and ε > 0
where K(ε) is a positive constant that depends only on ε.
Proof. Let C(ε) be an arbitrary positive integer such that 2 −C(ε) < 
and assume that the points
where K(ε) is a positive constant that depends only on ε. Hence
Proof of the Theorem 1.1. From Lemma 5.1 we have
whence, taking logarithms and limits, we obtain that
In the same way, from Lemma 5.2, we have
and the proof is complete.
In the following, we prove Theorem 1.2, i.e., the partial variational principle for a free semigroup action. First we give the definition of invariant measure for finite continuous maps.
Let X be a compact space. Consider a finite continuous maps f 0 , . . . , f m−1 , denote by M (X) the set of all the probability measures on (X, B(X)), where B(X) denotes the Borel σ-algebra of X. Then the set of invariant measures for f 0 , . . . , f m−1 , M (X, f 0 , . . . , f m−1 ) is the set of fixed points of the mapf i : i A) = µ(A) for all A ∈ B(X) and all i = 0, . . . , m − 1. Let's remark that the set of invariant measures for the classical compact systems and the systems defined on the abelian semigroup G are always non-empty. However, the following example [10] shows that M (X, f 0 , · · · , f m−1 ) can be empty.
Example 5.3. Let f 0 (x) = 1 for all x ∈ X := [0, 1] and f 1 is the standard tent map f 1 (x) = 1 − |2x − 1|. The set of invariant measures M (X, f 0 , f 1 ) is the set of fixed points of the mapsf 0 andf 1 from M (X) into itself.f 0 has only a fixed point δ 0 , the probabilistic atomic measure such that δ 0 ({1}) = 1, but this measure is not a fixed point off 1 and so M (X, f 0 , f 1 ) is empty.
Moreover, we provide an example of nonabelian semigroup H with H-invariant measure. respectively. Let H be the semigroup generated by A and B. Obviously, H is a nonabelian semigroup. Let µ be the Haar measure defined on T 2 , then we have
Hence we assume that the set of invariant measures M (X, f 0 , . . . , f m−1 ) is not empty(for instance, when f 0 , . . . , f m−1 contains two commuting maps [18] ). Studying the above mentioned relationship makes sense. We start with the following lemma, which will be useful in what follows, can be found in [34] .
Lemma 5.5. Let a 1 , . . . , a k be given real numbers. If p i ≥ 0 and
and equality holds if and only if
Lemma 5.6. Let (X, d) be a compact metric space and let f i : X → X(i=0,. . . ,m-1) be finite continuous maps such that M (X, f 0 , . . . , f m−1 ) = ∅ and let ϕ ∈ C(X, R). Then
Proof. We use the analogous method as that of Misiurewicz [25] . Let µ ∈ M (X, f 0 , . . . , f m−1 ) and let ξ = {A 1 , . . . , A k } be a finite partition of (X, B(X)). For any a > 0, choose ε > 0 so that εk log k < a. Since µ is regular, there exist compact sets
We have µ(B 0 ) < kε and
Pick δ > 0 so that δ < b/2 and so that d(x, y) < δ implies |ϕ(x) − ϕ(y)| < ε. Fix w ∈ F + m , |w| = n and let E w be an (w, δ, f 0 , . . . , f m−1 ) separated set, which fails to be (w, δ, f 0 , . . . , f m−1 ) separated when any point is added. Then E w is also (w, δ, f 0 , . . . , f m−1 ) spanning. If C ∈ w ′ ≤w f −1
Also each ball of radius δ meets the closures of at most two members of η so if y ∈ E w then {C ∈ w ′ ≤w f −1 w ′ η|y(C) = y} has cardinality at most 2 n . Therefore
and so
By the arithmetic-geometric mean inequality, we have
Combining with (5.1) and (5.2), we have
and hence
Since a is chosen arbitrarily, we get the desired inequality
immediately.
Proof of the Theorem 1.2. According to Lemma 5.6 we have h µ (f 0 , . . . , f m−1 )+ ϕdµ ≤ log 2 + P (f 0 , . . . , f m−1 , ϕ), ∀µ ∈ M (X, f 0 , . . . , f m−1 ).
Let G = {f 0 , . . . , f m−1 }, then for any n ∈ N, we have
According to Theorem 3.7(ii) and Theorem 4.6(ii) we have 2 n+1 h µ (G) + 2 n+1 ϕdµ ≤ log 2 + 2 n+1 P (G, ϕ).
Then h µ (G) + ϕdµ ≤ 1 2 n+1 log 2 + P (G, ϕ).
Let n → ∞, we get the desired inequality h µ (G) + ϕdµ ≤ P (G, ϕ) immediately.
Open problem. Can we get the variational principle for a free semigroup action?
6. Entropy of a free semigroup action generated by affine transformations
Now we apply Theorem 1.2 to study the relationship between the Haar measure entropy and the topological entropy of a free semigroup action generated by affine transformations. = h(A) = h(g), which had been proved by Bowen [7, 34] .
